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Lab 7. Random vectors. Joint distributions. sgr. 3

Exercise 42. We consider a box containing 5 balls numbered from 1 to 5. We simultaneously take out
three balls from the box. We denote X the smallest number obtained. Give the distribution law for the
random variable X. Compute the expected value F(X ) and the standard deviation o(X ). We denote Y
the largest number obtained. Are the random variables X and Y independent? Compute the correlation

coefficient p(X,Y ).
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Exercise 54. An archer hits a bull’s-eye with the probability of 0.09 and the results of different attempts
can be taken as independent of each other. If the archer shoots 9 arrows, calculate the probability that:

Exercise 62. Consider the same situation as in Ex. 5‘!.511{)[105{.‘ that the archer misses the target
completely with a probability of 0.12. If the archer shoots eight arrows whose performances are
independent of each other, what is the probability that (a) the archer scores exactly two bull's-eyes
and misses the target exactly once; (b) the archer scores exactly one bull's-eye and misses the target
exactly twice. What is the expected number of times the archer misses the target?
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Exercise 80. The lifetime of an electronic tube is a continuous random variable X with exponential
density f(z) =be™" x > 0. Find P(k < X < k4 1) and the expected lifetime of the tube.

Exercise 81. Suppose that the time (in hours) required to repair a car is an exponentially distributed
random variable with parameter A = 1/2. What is the probability that the repair time exceeds 4 hours?
If it exceeds 4 hours what is the probability that it exceeds 8 hours? What is the expected time required
to repair the car?
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Exercise 85. Calculate the following probabilities both exactly and by using a normal approximation:

(a) P(X > 8) where X ~ Bin(10,0.7)

(b) P(2 < X <7) where X ~ Bin(15,0.3)

(¢) P(X <4) where X ~ Bin(9,0.4) — w
(d) P(8 < X <11) where X ~ Bin(14,0.6)

Exercise 86. Suppose that a fair coin is tossed n times. Estimate the probability that the proportion

of heads obtained lies between 0.49 and 0.51 for n = 100, 200, 500, 1000 and 2000.
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Exercise 41. Two dice are rolled and we denote X(Y ') the sum of points from the two dice (maximum Sdl. 2
number of points; if the numbers are identical, we take their common value). Compute the correlation
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Exercise 85. Calculate the following probabilities both exactly and by using a normal approximation:
(a) P(X = 8) where X ~ Bin(10,0.7)

(b) P(2 < X < 7) where X ~ Bin(15,0.3)

(¢c) P(X < 4) where X ~ Bin(9,0.4)

(d) P(8 < X < 11) where X ~ Bin(14,0.6)

Exercise 86. Suppose that a fair coin is tossed n times. Estimate the probability that the proportion
of heads obtained lies between 0.49 and 0.51 for n = 100, 200, 500, 1000 and 2000.
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Exercise 81. Suppose that the time (in hours) required to repair a car is an exponentially distributeey, esr—Spareiinayledpe
random variable with parameter A = 1/2. What is the probability that the repair time exceeds 4 hours
If it exceeds 4 hours what is the probability that it exceeds 8 hours? What is the expected time require{
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Suppose that two chess players had played numerous games and it was determined that the probability that Player A would

winis 0.40 , the probability that Player B would win is 0.35 , and the probability that the game would end ina drawis 0.25.

If these two chess players played 12 games, what is the probability that Player A would win 7 games, Player B would win 2

games, and the remaining 3 games would be drawn?" \What is the probability that A wins 8 games? What is the expected number
of wins for B?
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that the number that appears on each face has pmf:
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Exercise 83. Suppose you are watching a radioactive source that emits particles at a rate described by
an exponential density with parameter A = 1. Find the probability that a particle will appear (a) within
the next second; (b) within the next 3 seconds; (¢) between 3 and 4 seconds from now; (d) after 4 seconds
from now. Compute the expected time until the next particle appears.
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Exercise 40. We toss two coins, each of them having the number 1 on one face and the number 2 on
the other face. We consider the random variable X "the sum of the obtained numbers” and the random
variable Y 7the maximum of these numbers”. Compute the correlation of X and Y.
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Exercise 83. Suppose you are watching a radioactive source that emits particles at a rate described by —'l- T F
an exponential density with parameter A = 1. Find the probability that a particle will appear (a) within QA}'YI

the next second; (b) within the next 3 seconds; (c¢) between 3 and 4 seconds from now; (d) after 4 seconds =) =0
from now. Compute the expected time until the next particle appears.
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Exercise 85. Calculate the following probabilities both exactly and by using a normal approximation: & os—>parenoyledge
(a) P(X = 8) where X ~ Bin(10,0.7)

(b) P(2 < X < 7) where X ~ Bin(15,0.3) M \ '~ (
(¢) P(X < 4) where X ~ Bin(9,0.4) m 1:> N mf) mpd )
(d) P(8 < X < 11) where X ~ Bin(14,0.6) *

Exercise 86. Suppose that a fair coin is tossed n times. Estimate the probability that the proportion (TT@-

of heads obtained lies between 0.49 and 0.51 for n = 100, 200, 500, 1000 and 2000. ﬁ*)_ ——

T -

Exercise 90. The pH levels of food items prepared in a certain way are normally distributed with a
standard deviation o = 0.82. An experimenter estimates the mean pH level by averaging the pH levels

of a random sample of n items. _"'5
(a) If n = 5, what is the probability that the experimenter’s estimate is within 0.5 of the true mean
value?

(b) If n = 10, what is the probability that the experimenter’s estimate is within 0.5 of the true mean
value?

(c) What sample size n is needed to ensure that there is a probability of at least 997% that the
experimenter’s estimate is within 0.5 of the true mean value?
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In a random sample of 20 students at Computer Science, 2nd year, what is the probability 10 students have O blood type, 6 students
have A, 2 students have B and the remaining have AB blood type? We know that the probability a person has O is 0.44, A is 0.42,
Bis 0.10 and AB is 0.04. What is the probability that 4 students have AB blood type? What is the expected number of students that

have A blood type?
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Exercise 43. We toss a perfectly balanced coin, we denote X; the obtained result: X; = 0 if we obtain sgr. 6

the head, X| = 1 if we obtain the value. If X; = 0 we toss a tricked coin for which the probability to

obtain the value is 2/3. If X; = 1 we toss again the balanced coin. We denote X, the result of the second

throwing (X2 = 0 if we get the head and X2 = 1 if we get the value). Let X = X7 and Y = X + Xs. "Pé&) =? (_N Al)‘?(kj 4:% IAJ-)?O\’J.&“,'_

1. Give the distribution law for X,

4+

2. Find the joint distribution of the variables X and Y ¢WAI'L) R'A’Q

Compute the law of Y conditioned by X. ? (.A @ /A\ E(ﬂ-m‘) ‘P(A'J
<

. Compute E(X), E(Y), V(X), V(Y), Cov(X,Y), p(X,Y). FF’ (A
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Suppose a card Is drawn randomly from an ordinary deck of playing cards, and then put back in the deck. This exercise Is
repeated ten times. What Is the probability of drawing 4 spade, 1 heart, 3 diamond, and 2 clubs? What is the probability of drawing
[ spades? What Is the expected number clubs drawn?
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Exercise 82. Suppose that the number of years a car will run is exponentially distributed with parameter
A = 1/4. If you buy a used car today, what is the probability that it will still run after 4 years?

What is number of yeagthe car is expected to run?
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Exercise 86. Suppose that a fair coin is tossed n times. Estimate the probability that the proportion
of heads obtained lies between 0.49 and 0.51 for n = 100, 200, 500, 1000 and 2000.

Exercise 87. Consider a sample of normally distributed random variables X, X5, ..., X,, with mean g
and variance 0? = 7. If n = 15, what is the probability that | — X| < 0.47 What is the probability if

n = 507
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Exercise 45. A box contains a white balls and b black balls (a +b > 3). We successively take out
balls from the box. Let X, Y and Z be discrete random variables, equal to 1 if the first, the second
respectively the third ball extracted is white, and equal to 0 in the contrary. Determine the distribution

of the random vector (Y, Z). Find the distribution laws for Y and Z. Compute Cov(Y, Z) and p(Y, Z).
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Suppose we have a bowl with 10 marbles - 2 red marbles, 3 green marbles, and 5 blue marbles. We randomly select 9 marbles
from the bowl, with replacement. What is the probability of selecting 2 green marbles and 4 blue marbles? What is the probability

of selecting 3 red marbles? What is the expected number of blue marbles selected?
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Exercise 86. Suppose that a fair coin is tossed n times. Estimate the probability that the proportion
of heads obtained lies between 0.49 and 0.51 for n = 100, 200, 500, 1000 and 2000.

Exercise 87. Consider a sample of normally distributed random variables Xy, X, ..., X;, with mean p
and variance 02 = 7. If n = 15, what is the probability that |z — X| < 0.4?7 What is the probability if
n = 507
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Exercise 80. The lifetime of an electronic tube is a continuous random variable X with exponential
density f(z) =be™" x > 0. Find P(k < X < k + 1) and the expected lifetime of the tube.
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