Calculus - Lecture 7
Fourier series.
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FOURIER SERIES - Introduction

The Fourier series of a piecewise continuous function f defined on the
interval [—, ] is the series

o0
Qg . agp
? + g (an cosnx + b, smnm) = ? + a1 cosx + ascos2x +azcos3x + ...
n=1

+ by sinx 4+ by sin2x + by sin3x + ...

where the Fourier coefficients a,,, b,, are given by

p = — f(z)cosnxzdx forn=0,1,2,..
T

—T

1 s
b, = — f(z)sinnzdr forn=1,2,..

T™J

EVA KASLIK Calculus - Lecture 7 2/16



FOURIER SERIES - Introduction

@ Joseph Fourier (1768-1830) — heat conduction
@ Daniel Bernoulli and Leonard Euler — vibrating strings and astronomy

@ Expressing a function as a Fourier series is sometimes more
advantageous than expanding it as a power series.

@ Astronomical phenomena, heartbeats, tides, vibrating strings, etc.. are
usually periodic, so it makes sense to express them in terms of periodic
functions.
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Example 1: square-wave function

Consider the square-wave function

f(z) = {0 @ € [-m,0) and f(z+27) = f(x), Vo € R.

1 ,zel0,7]
VA
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| | | | | | |
I —r 0 7T 2 I X
REMINDER:

n

cosnm = (—1)

sinnm =0
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Fourier series Introduction

Example 1: square-wave function

1 (7 1 (7
ag = — f(x)dm:—/ lde =1
™ J)_n m™Jo
1 (" 1 (" 1 si T
ap = — f(x)cosnxdx:f/ cosnzdr = — 22T _ g ,Vn >1
T ) . T Jo T on |
1 [ 1 [ 1 —cosnz|" 0 ,ifn-even
by = — f(x)sinna:dmzf/ sinnzde = - ———| =< 2
T T Jo T n 0 — ,ifn - odd
nmw
Therefore, the Fourier series is:
SR 2
- = sin(2k + 1)a.
> +§ Okt n sin(2k + 1)z
For example, the partial sum of order 7 is:
1 2 2 2 2
S7(z) ==+ —sinz + — sin 3z + — sin 5z + — sin 7x.
2 7 37 o T
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Example 1: square-wave function

Different partial sums S,, of the Fourier series are shown below:

y

u
Ss

As n increases, the partial sum S,,(z) becomes a better approximation of the

function f(z) (except at the points where f is discontinuous).
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Fourier Convergence Theorem

Theorem

Let f be a piecewise continuous function defined on the interval [—m, 7] and
extended by periodicity outside it.

We denote by S, (x) the n-th partial sum of the Fourier series defined above.

If f(x) has finite left- and right-hand side derivatives at its points of
discontinuity, then:

@ ifx = xq Is a point where f is continuous, then

lim S, (zo) = f(z0)-

n— o0
@ ifx = xq Is a point of discontinuity of f, then

lim S, (zo) =

n— oo

[f(zg) + flag)] -

[N
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Fourier series Variants

Change of the origin of the fundamental interval

If fis a piecewise continuous function defined on the fundamental interval

[ — 7, o + 7] and by periodic extension outside of it, then the Fourier
coefficients are:

1 a+m
anzf/ f(x)cosnxdr forn=0,1,2,...
™ «

—T

1 a+m
b / f@)sinnzdxr forn=1,2,...
™ o

—T

The Fourier series converges at every point where f is continuous and:

oo
0 .
= ? E ap, cosnx + by, sinnx).
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Change of the interval length

If fis a piecewise continuous function defined on the interval [~ L, L] and by
periodic extension outside of it, then the Fourier coefficients are given by

1 L
:Z/_Lf(x)cos$dx forn=0,1,2,...

1 L
:Z/_Lf(x)sinnl/ﬂdx forn=1,2,...

The Fourier series converges at every point where f is continuous and:

nmwT
. b sin "0 )
+ Z (a cos + sin T
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Odd and even functions

Odd and even functions

If f(z)iseven: f(—z) = f(x), we have:

/C; fl@)dx = 2/0a f(x)dx

If f(z)isodd: f(—x) = —f(z), we have:

/_(1 flz)dx =0
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Fourier series of even functions

Consider f : [—m, 7] — R, extended by periodicity to R.
If the function f is even, then:

1 f" 2 (7
ap = — f(x)cosnxdr = — / f(z) cosnzdx
T ) N——— ™ Jo
even
1 [" .
b, = — f(x)sinnzdx =0
T ) N—_—~——
odd

Therefore, the Fouries series is a cosine series:
ag
?+a1cosx+a2c032m+...—|—ancosm:+...

If the main interval is [— L, L], the results are adapted accordingly!
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Fourier series of odd functions

Consider f : [-m, 7] — R, extended by periodicity to R.
If the function f is odd, then:

1 ™
ay, = — f(@)cosnzdr =0
o N——

odd

1 [ 2 (7
by = — f(z)sinnzdr = — / f(z) sinnzdz
T ) o e et ™ Jo

even

Therefore, the Fouries series is a sine series:
bisinz +bysin2x + ...+ b,sinnx + ...

If the main interval is [— L, L], the results are adapted accordingly!

EVA KASLIK Calculus - Lecture 7 12/16



Example 2: triangle-wave function

Find the Fourier series of the function

flx)=lz|, x € [-1,1] and f(z+2)= f(z), z€R.

The function is even: | — x| = |z|. Therefore: b,, = 0.

1 1
aoz/ f(x)dx:2/ rdr = 2%[5 = 1.
-1 0
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Example 2: triangle-wave function

For n > 1, we have:

1
an =2 [ f(z)cosnrxdr = 2/ x cosnradr =
0 0

. 1 1
1 2 2™ -1
=2 (xsmmm - —/ Sinmrxdx> = cosmr:c|é — %
nm 0 nm 0 nem nem
Therefore:
0 , ifnis even
ap = . .
—W s if n is odd
In conclusion, the Fourier series is:
1 o0
f(z) = + Z ay, cos(nmr) =5- Z o 122 O (2k+1)7wz) VzeR.

n=1 kO
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Example 2: triangle-wave function

> 1
This F hel I h m of the series —_—
is Fourier series helps us evaluate the sum of t Z GEr 12
Indeed, replacing = = 1 in the Fourier series, we obtain:
_1 i Cos((2k+1 1-&-%
2 (2k 4+ 1)2 2 (2k + 1
k:o k:O
As f(1) = 1, we obtain:
2
Pt (2k +1)27 2
and therefore:
PSR ST SRE SRE S
 (2k + 1) 32 52 72 8
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Parseval’s identity

For a piecewise continuous function f : [-L, L] — oo, extended by periodicity

to R, with the Fourier coefficients a,,, b,,, Parseval’s identity holds:

L
(L[) + Z 2 +b2 Z f(l)2dtl
—L

n=1

Example 2. By Parseval’s identity, we obtain:
1

1 = 16 5
= — = d
2+kZ:O(2k+1)47r4 / v

—1

and therefore:

16§: I 12 1 1

e (2k+1)0 T 3], 203 2 6
In conclusion:

i 1 1 1, L1 1 ot

P 2k+1)* 34 54 74T 96
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