CALCULUS HANDOUT 9 - PARTIAL AND DIRECTIONAL DERIVATIVES. DIFFER-
ENTIABILITY. FRECHET DERIVATIVE - definitions

PARTIAL DERIVATIVES

Let f: A C R™ — R! be a real valued function of n variables and @ = (a1, az, ..., an) € Int(A). The function f is
said to be partially differentiable with respect to z; at a if the following limit exists and is finite

lim f(ah ey Qi—1, G5 F T, Qi1 ey an) — f(al, ey Q=15 Ay Qg1 ey an)
t—0 t
o of . . S .
The value of this limit is denoted by £ (a) and is called the partial derivative of f with respect to z; at a.
The vector V f(a) = ((aamf (a), S—J{Q(a), ces %(a)) is called gradient vector of f at a.

! To calculate partial derivatives, one has to differentiate (in the normal manner) with respect to z; keeping all
the other variables fixed.

! All obvious rules for partially differentiating sums, products and quotients can be used.

! The partial differentiability of a vector valued function of n real variables is equivalent to the partial
differentiability of all the scalar components.

DIRECTIONAL DERIVATIVES

Let f: A CR™ — R! be a real valued function of n variables and a € Int(A) and v € R” s.t. |jul| = 1.
If the following limit exists and is finite
o flattw) — f(@)

t—0 t
it is called the directional derivative in the direction u of f at the point a and it is denoted by V. f(a).
of
ox;

i
! Partial derivatives are special cases of directional derivatives.
! Relationship between directional derivative and gradient vector: V, f(a) = V f(a) - u (where |lu|| = 1)

! Ife; = (0,...,0, 1 ,0,...,0) then V., f(a) = (a),i=1,n.

Theorem. Let f be a real valued function of n variables, f : A C R® — R', and a € Int(A). If the partial
derivatives g—f, i = 1,n exist in a neighborhood of a and they are continuous at a, then the following equality

holds: i
fo F@th) — fa) = V(@) b
h—0 17l

DIFFERENTIABILITY. FRECHET DERIVATIVE.

A real valued function of n variables f : A C R®™ — R! is said to be differentiable at a if it is partially
differentiable at a with respect to every variable x; and

o [t h) = f(@) = V(@) b

=0.
h—0 17l

Fréchet derivative of f at a: the function d,f : R® — R! defined by

da f(h) = Z a0 (@

! The Fréchet derivative do f : R® — R is a linear function on R™. It is a polynomial of first degree in h1, ha, ..., hn.
! For ||h|| = 1, we have d,(h) = Vi f(a).

! If the function f :C R™ — R! is differentiable at a € A, then it is continuous at a.

A vector valued function of n variables f = (f1,..., fm): A C R" — R™ is differentiable at a € Int(A) if every
scalar component f;,7 =1, m of f is differentiable at a.

The Fréchet derivative of f at a is the function d,f : R®™ — R™ defined by

—Z<Z(§f >~ej where e; = (0,...,0,1,0,...,0) € R™.

The matrix of the linear function do f is called the Jacobi matrix of f at a: Jo(f) = (gxfl (a))
We have do f(h) = Ja(f) - h.



Composite rule:
Let f: ACR®" - BCR™ and g: B CR™ — RP. If f is differentiable at a € Int(A) and g is differentiable at
f(a) =b € Int(B), then h = g o f is differentiable at a and doh = dpg o do f.

The Jacobi matrix of h at a is the product of the Jacobi matrix of g at b and the Jacobi matrix of f at a:

AL

Oh; ~ Jgi . ,
(b)) 5t(a), i=Tpj=Tn
J

Ox; (a) = = Ok

Inverse rule:
Let f: ACR"™ — B C R" be a bijection where A, B are open subsets of R™. If f is differentiable at a € A and
f~! is differentiable at b = f(a), then d.f is a bijection of R™ on R" and (daf) ™' = da)f "

Continuously differentiable functions:
ofi
aZL‘j

Let f: A CR"™ — R™ be a differentiable function on the open set A. If the partial derivatives A > x — are

continuous, ¢ = 1,m, j = 1,n, then f is said to be continuously differentiable.



CALCULUS HANDOUT 9 - PARTIAL AND DIRECTIONAL DERIVATIVES. DIFFERENTIA-
BILITY. FRECHET DERIVATIVE - examples

Ex.1 Compute the first order partial derivatives and the Fréchet derivative for the function f : R?> — R,
fz,y) =32y + ™ - In(z® + y?).
Solution:

Partial derivatives:

0 - @
oL (w9) = 3y (Y (€, e + )+ e - (e ).
2 2y/
T / 2 2 T (m +y)z
=3y-20+ e (ay) (@ +y7) + M T
T 2 2 2z T
:6$y+y€y1n(l’ +y)+m’ ¥

of

a—y(m, y) =32 (y), + (ewy); n(z? +y°) + €7 - (ln(a:2 + y2))

’
y
2 2\/
z° +y°),
:3 2'1 Ty | l‘l 2 2 zy(i_/
x +e (zy)y -In(z"+y7) +e PN
2y ey

—3 2 xyl 2 2 .
z” + ze™ In(x +y)+7x2+y2

Fréchet derivative:

0 0
d(ay,a) f(h1, h2) = %(ahag) -hi + 8—£(a1,a2) - ha

2(11
2 2
ai + a3

2
B (6‘““2 +aze" " In(af +a3) + e) h + (3& + a1 n(d} + ad) + 52y e) ha

a? + a3
ajaz

= 3a1(2a2h1 + alhz) + ea1a2 ln(a? =+ a%)(aghl + alhz) =+ (a1h1 + aghz)

2 2
ai + a3

Ex.2 Compute the directional derivative in the direction u = , where v = (1,1) at a = (2, 1) for the function

v
llvll

f:R? SR, flz,y) = z? + 2zy + 3y°.
Solution:

Method I: Using the definition V, f(a) = %in(l) flaxt. ZL) — f(a).
—

\|v|\=\/m=\/§:>u:‘|:j—”:%(171):<%7é>:<§772>

v = (o (202)) g (o4 Lo )

2
= <2+\é§t)2+2<2+\/§t> (1+Qt) +3(1+‘/§¢>2

2 2 2
V2, .2 V2, V2 22)+3(1+2-‘/5 2t2)

= . o —_ —2 o —_ —_— —_ — f—
=4+2-2 5 t+4t +2(2+2 ) t+ B t+4t 5 t+4

1
:4+2\/§t+§t2+4+2\/§t+\/§t+t2+3+3\/§t+gt2

=11 + 82t + 3¢°

fla)=f(2,1)=22+2-2-14+3-12=4+44+3=11

2 f—
Ve f(201) = fim SLEBV2LBE AL BBV s s s
(T'T) t—0 t t—0 t t—0
Method II: Using the formula V. f(a) = V f(a) - u.
0
8—£(az,y) = (962 + 2zy + 3y2); =@ +2y- () + By, =22 +2y-14+0=2zx+2y
of

a—y(m,y) = (x2+2my+3y2); = (2%, + 2z (y), +3(¥%), =0+2z-1+3-2y =2z +6y



gf(z 1)=2-246-1=446=10

:>8i(2, 1)=2-2+2-1=4+2=6and
f\[ V2 V2 6V24+10V2  16V2
>=6 = =— =82

or
=V §’§>f(2,1) (6 10) ( 5 '74’10’ 5 = D)

Ex.3 Study wether the following function is continuous, partially differentiable, (Fréchet) differentiable or
continuously differentiable on R?:
2
FiRP SR, floy) =42+
0

Solution:

Continuity:

The function f is continuous on R? \ {(0,0)}. Moreover, f(0,0) = 0.
We study if the function f has limit at the point (0, 0).

—xﬁf(zx)—ix.m —L—lv%l
v= T g2 g2 222 2 @m0 2
_ o ze(-x) -2 1 1
y= l‘:>f(l'7 l’)_ x2+(7m)2 T ox2 9 x—)O} 2

1 1
As 3 # 3 it results that (ac,y%i—>rn(0,0) f(x,y) does not exist.

We obtain that f is not continuous at the point (0, 0).

Therefore, the function f is continuous on R?\ {(0,0)}

Partial derivatives:

8f fletty) = flz,y) | Of

F0+4,0)= (0,0) _ . f(£,0)=0

- ; ) — _ _
( oY) = }—>0 t = 87(0 0) = th—>0 t T >0 t =0
8 8

It follows that f is partlally dlfferentlable at (0,0). Moreover, the partial derivatives of the function are:

of . y(@® +y°) —wy- 20 Py+y’ 227y yP -2’y

%( oY) = (22 + y2)2 - (22 + 2)2 - (22 + 2)2
g(m ):Jc(a:2+y2)—my~2y:x3+xy2—2xy2: x> — xy?
oy @+ PP @ @ TP

Fréchet differentiability:

At the point (0,0) we have that £(0,0) = gf (0,0) = 0 and gf (0,0) = 0.

We check if }llin%) flath) = ]j‘(}?ﬁ ~Vf(a)-h =0, where a = (0,0) and h = (h1, h2).
—

We have that V£(0,0) = (gi(o 0), ‘;f(o 0)) (0,0) and [[h]| = ||(hn, ho)l| = /A% + AZ. Then:
0)

lim £ ((0,0) + (h1, h2)) — £(0,0) — (0,0) - (h1, h2) — lim f(hi, h2) — lim hihs )
= NGET N e A RN e
The limit does not exsit for (h1, hz) — (0,0). (check!)

It results that the functions f is not Fréchet differentiable at the point (0, 0).

Continuous differentiability:

3 _ 2 3 2
y —ry r—xy
%(i‘,y) — ($2 +y2)2 7(1:7?!) 7é (070) and gi(£7y) — (m2+y2)2 7(:1:7y) 7é (070
0 (2,9) = (0,0) Y 0 (2,9) = (0,0)
of of . .
We have that Pz and o are not continuous at the point (0,0). (check!)

Thus, the function f is not continuously differentiable on R2.



CALCULUS HANDOUT 9 - PARTIAL AND DIRECTIONAL DERIVATIVES. DIFFERENTIA-
BILITY. FRECHET DERIVATIVE - exercises

1. Compute the first order partial derivatives and the Fréchet derivative for the following functions:

&Y
1. f(x, )_Saf — dzy + 5y° 15. f(%y)zm
2. flay) = e 2
3. floy) = 2 — Py 427" — 2y 4y 16. f(z,y) = arctan(zy®)
3 flow) ==~ o+ S -4y 17, f(ay) = (@ + )
5. f(z,y) = e"(cosy — siny) 18. f(z,y) = 2V
6. fla,y) = arctar51 Ty 19. f(x,y,2) = 2%e¥Inz
bt e o 20. f(2,y,2) = e
. f(%y)—lée 21. f(z,y,2 )_:L'ey—i-yez—i-ze"
8. f(ﬂ%y)zg 22. f(z,y,2) = 23y2® + 2yz
ar + by 23. f(z,y,2) =In(z + 2y + 3z)
9. fla,y) =
cx + dy 24. f(x,y,2) = /24 +y%cosz
_ 2 315
10. f(z,y) = @y —y°) 25. f(z,y,2) ==z ycosE
11. f(z,y) = z?y — 3y* 2% 5 s
A - Flw,y2) = oy
o 27. f(z,y,z) = ytan(z + 2z)
13. f(z,y) = zsin(zy) I 2
z 28. f(z,y,z) = (z° + y*) sin(z + 2y + 2°)
4. f(z,y) = @ty?

2. Find the directional derivative of the following functions at the given point a in the direction u = H—”:
v

L. f(w,y) =22° +3xy®> +v* a= (1,-1), v = (3,4)

2. f(z,y) =e"siny; a= (0,7/4), v = (1,-1)

3. flz,y) =2 —2*y+ay* +4% a=(1,-1), v =(2,3)

4. f(z,y,2) =zy+yz+zz;a=(1,-1,2), v = (1,2,—2)

5. f(z,y,2) =In(14+ 22 +9y* —2%);a=(1,-1,1); v = (2, -2,-3)

3. Study wether the following functions are continuous, partially differentiable, (Fréchet) differentiable or
continuously differentiable on R?:

2 2\ . 1 . _
L. f(:c,y)—(x +y )Sln\/m if (wyy);é((]’()) and f(070) 0
2 f(oy) = L it e £0and £(0,y) = y

3_ .3

3 f() = Sy i (2,9) # (0,0) and £(0,0) =0

day(z® —y?) | _
4. f(fﬂ,y)—wlf (z,y) # (0,0) and f(0,0) =0
5. fGe) = 2 it 20 and £(0.9) =y

6. f(z,y) = (.’rQ—I—yQ)sini ifzy #0 and f(z,y) =0if 2y =0

T fo.y) = w if (2,9) # (0,0) and £(0,0) =0

2 + 92
3
8. flz,y) = \/%Ty if (2,) # (0,0) and f(0,0) =0
9. fa,y) = —Y it () # (0,0) and £(0,0) =0 (a > 1)

/$2+y2
10. f(z,y) =y cos% ifz#0and f(0,y)=0

sin(z?)

$2+y2

11. f(z,y) = if (z,y) # (0,0) and f(0,0) =0

3
12. f(z,y) = ;gz(i ;’g if (x,y) # (0,0) and £(0,0) = 0



Extra exercises

4. Find the partial derivatives of the function z = z(x,y) given implicitly by the following equations
1 22/3 4?3 4223 = 1

5. 2 +xy’ +yz=5
2. 28+ 42 =z 6 22y zgi
3. xe¥? +ye*® + ze™ =3 a b_ c
4. sin(xy) + sin(yz) + sin(zx) = 1 7. wyz =sin(z +y+2)

5. Find a function f(z,y) such that % = 2:vy3 + €”siny and ? = 39U2y2 +e*cosy + 1.
T Y



