CALCULUS HANDOUT 8
FUNCTIONS OF SEVERAL VARIABLES. LIMITS AND CONTINUITY - definitions

THE VECTOR SPACE R"
R" = {(z1, 22, ..., n)|x; € RY i =1,2,...,n}. The elements of R™ are called vectors.

R™ is a n-dimensional vector space with respect to the sum and the scalar product defined by:

(1‘171’2,..-,In)+ (y17y27"'ayn) = (1’1 + Y1, T2 +Y2,...,Tp +yn)
k(mtha"'axn) = (kxlvkaa"';kxn)

n
For z € R™ the norm (or length) of z is defined by ||z|| = fo = \/x% +ad+.. 422
i=1

The distance between z and a = (a1, a2, ...,a,) is ||z — al|.

A neighborhood of a € R™ is a set V C R™ which contains a hypersphere S,.(a) centered in a,
Sp(a) ={z e R"|||lx —al| <r}, r>0.

FUNCTIONS OF SEVERAL VARIABLES

A real valued function of n variables associates to every vector x € A C R™ a unique real number.
Formally, f : A C R™ — R! is given by 2 = (1, 22,...,2,) € A f(x) = f(x1,22,...,7,) €ER.

A vector valued function of n variables associates to every vector z € A C R™ a unique vector f(x)
from R™. Formally, f: A C R®™ — R™ is given by

Tr = (xhx?? ,l’n) €EAr f(l‘) = (fl(xl,ﬂfg, s 7xn)af2(xlaw27 s ,l’n), R fm(xlaan s ,.’L’n)) eR™
The functions f; : A C R® — R!, i = 1, m, are called scalar components of the vector function f.

SEQUENCES IN R"
A sequence (z) of vectors of R™ is a function whose domain is N and whose values belong to R™.

A vector z € R is said to be the limit of the sequence (x}) if for any € > 0 there exists N = N(g) > 0
such that for any £ > N we have ||z — z|| < e. In this case we write klim Ty = .
— 00

Properties:

o If the limit of the sequence () exists, then it is unique.

o If a sequence (z) converges to x, then the sequence is bounded: I M > 0s.t. ||zg|| < M, Vk € N.

o If a sequence () converges to x, then any subsequence (zy,) of the sequence (xj) converges to .

e A sequence (xg), x = (T1k, Tak, .-, Tng) € R™ converges to x = (z1, z2, ..., Tp) € R™ if and only if the
sequence (x;;) converges to x; for any i = 1,2, ..., n.

¢ Bolzano-Weierstrass: any bounded sequence (xy) of points of R™ contains a convergent subsequence.
e Cauchy’s criterion for convergence: A sequence (x) C R™ converges if and only if for any € > 0
there exists N, such that for p,q > N. we have ||z, — z4|| < e.

LIMITS

Let f: A C R™ — R! be a real valued n variable function and a € A’ (i.e., for any neighborhood V of a,
one has V' \ {a} N A # 0). The real number L is called the limit of f(z) as x tends to a if for any € > 0,
there exists 0 = d(¢) > 0 such that if 0 < ||z — a|| < 6 then |f(z) — L| < e. We write lim f(z) = L.

r—a

Let f: A C R™ — R™ be a vector valued function of n variables and a € A’. The vector L € R™ is called
the limit of f(x) as = tends to a, if for any ¢ > 0, there exists § > 0 such that if 0 < ||z — a|| < § then
If(z) — L|| <e. We write L = lim f(x).

r—a
VI f(z1, . hwn) = (fi(@a, .o sn)y o ooy fm(@1, .oy 2p)) and L = (Lq,. .., Ly,), then lim f(z) = L if and

T—ra
only if lim f;(z) = L; for any i = 1, m.
r—a

! same limit laws as for functions of one real variable !

Heine’s criterion for the limit:
The function f: A C R™ — R™ has a limit as « approaches a if and only if for any sequence (zy), i € A,
xp # a, and x — a as k — oo, the sequence (f(xy)) converges.

Cauchy-Bolzano’s criterion for the limit:
The function f: A C R™ — R™ has a limit as x — a if and only if for any ¢ > 0 there exists § > 0 such
that if 0 < ||2’ —al| < d and 0 < ||2”" — a]| < § then || f(z) — f(z")] <e.



CONTINUITY
A function f: A C R™ — R™ is continuous at a € A if lim f(z) = f(a).

r—a

Rules for continuity:
1
o If the real valued functions of n variables f and g are continuous at a then so are f + g, f - ¢g and ?

oIf f: ACR"™ — B C R™ is continuous at a € A and g : B C R™ — RP is continuous at f(a) =b € R™,
then the composite function go f : A — RP is continuous at a.

Continuity of the scalar components:
Let f: ACR" - R™, f(x) = (fi(x),..., fm(z)) and a € A. The function f is continuous at a € A if
and only if the scalar components f;, i = 1,2,...,m are continuous at a.

Heine’s criterion for continuity:
The function f: A C R™ — R™ is continuous at a € A if and only if for any sequence () C A which
converges to a, the sequence (f(x)) converges to f(a).

Cauchy-Bolzano’s criterion for continuity:

The function f: A C R® — R™ is continuous at a € A if and only if for any € > 0 there exists § > 0
such that if |2’ — al| < ¢ and ||z” — a|| < § then || f(z) — f(2")] <e.

The boundedness property:

If f: ACR™— R™ is continuous on the compact set A, then the set f(A) is bounded and there exists
a € A such that || f(a)] = sup || f(A)].

Uniform continuity:

A function f : A C R® — R! is uniformly continuous (on A) if for every € > 0 there exists § = §(g) > 0
such that for 2/, 2" € A we have that if ||z’ — 2”’|| < § then || f(z') — f(2")] < e.



CALCULUS HANDOUT 8
FUNCTIONS OF SEVERAL VARIABLES. LIMITS AND CONTINUITY - examples

Ex.1 We study if the following functions have limits at the given points::

1
a. f(z,y) = 52® — 2zy +4° — 6 at (1,2) c. f(z,y) = (2® +y?) cos Tty at (0,0)
% — g Ty

b. f(x,y):mat (0,0) d. f(xvy):x2+y2 at (0,0)
Solution:
a. f(z,y) =5z% —2xy +9> — 6 at (1,2)

lim z,y)= lim (Ga?—20y+1y2—6)=5-12-2.1.2422-6=5—-4+4—6=—-1
(z,y)—(1,2) f@y) (wvy)ﬂ(lﬁ)( vy )

2 2
r -y

b. f(x,y) = —— at (0,0

flao) = S at (0,0)

2 2 _

lim  f(z,y)= lim LY = lim oYty = lm (z—y)=0-0=0

(z,y)—(0,0) (z,9)—=(0,0) T+ Y (z,y)—(0,0) T+y (z,y)—(0,0)
1
2, .2 N

c. flz,y) = (=" + cos in (0,0

fla,y) = (@ +y7)cos Y (0,0)
1< cos—— <1 (@) > 08 —(2 4+ y?) < (22 +y?) cos L z? + y?

x z+y

lim —(z®+y*) = lim (2*+¢y*)=0°+0>=0
(2,y)—(0,0) ( v (Jc,y)—>(0,0)( 4 )
Applying the squeeze rule, it follows that  lim  f(z,y) =0.

(=,y)—(0,0)
d. f(z,y) = PN in (0,0)
We compute the limits of the functions along the lines y = 0 and y = =.
z-0
NI YR ST S A S

v= PV a2 4?2 222 2 @m0 2

As we obtained two different limits along two different lines, it results that lim  f(z,y) doesn’t exist.

(=,y)—(0,0)
y?
in————— 1,0
Ex.2 We study the continuity of the function f: R? = R, f(z,y) = aresm (x—1)2+y? (@9) # (4 )
0 »(z,y) = (1,0)
Solution: We study the continuity of the function f at the point (1,0).
As f(1,0) = 0, we compute, if it exists, lim  f(z,y).
(z,y)—(1,0)
. 1 11
Consider the sequences {1,— | —— (1,0) and (1+ =, = ) —— (1,0).
n n—oo n n n—oo
Compute f (1, l) and f (1 + l, l)
n n’'n
1
! <1, l) = arcsinniQ1 = arcsinl = g g
n n— oo
(1-1)2+ 2
1 1
f 1—|—l,l = arcsin n? 3 :arcsinﬁ:arcsinlzz—>ﬁ
n n 1 1 2 2 6 n—ooo 6
1+ -1) 4 e
n n

As = # E’ applying Heine’s theorem, it follows that ~ lim  f(z,y) doesn’t exist.
276 (z,9)—(1,0)

Thus, function f is not continuous at (1,0).



CALCULUS HANDOUT 8

FUNCTIONS OF SEVERAL VARIABLES. LIMITS AND CONTINUITY - exercises

1. Study if the following functions have limits at the given points:

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

1.

ANl S

2 2
o +y a
|| + ly|
sin(z?) + sin(y?)
/22 +y2
202 _ 32
:C73y at (0,0)
x2 +y2
22— y?
x2 +y2
ah gt
zh 4 222 + yt
22 oy — 22

t (0,0)

at (0,0)

at (0,0)

at (0,0)

== 79 7% 4t (0,0,0)

1'2 +y2 +22
ey —1
—— at (0,0
I2 +y2 a ( )

2

Yy
m at (0,0)

22%y
ZE4 +y2
xy? +sin(2® + %)

x? 4yt
— 2 at(0,0)

/$2+y2
a:y2 cosy
CCQ +y4

x> —|—y2
vei+yr+1-1
4

Yy

W at (0,0)
Yy —y
(z—1)2+y?

e y3

a2 4y +y?

4
ry
g 200

at (0,0)

at (0,0)

at (0,0)

at (0,0)

at (1,0)

at (0,0)

fla,y) = 32% — 4wy + 5y” at (1,-2) 20. f(z,y) =
flz,y) = 22y — 49? at (3,2)
fla,y) = eV at (3,2) 21 f(z,y) =
flz,y) = e ™ at (1,-1)
f(zy) 1‘”:;2 at (0,0) 22. f(z,y) =
F@) Im;g—_kga;y at (2,—1) 23. f(z,y) =
o) = T wt 00) 2 floy) =
f(z,y,2z) = xytan S?TTZ at (2,8,1) 25. f(z,y,2)
f@w) = T at (2-2) 2. f(r,y) =
2 2
o) = BT ot 0,0 27, fla.y) =
Flaw) = ") 4t (0,0) and (0,2) 2. f(y) =
H 2 2
fay) = % m at (0,0) 2. f(a.y) =
f(z,y) = («* + y*)sin miy at (0,0) 30. f(z,y) =
2,2
Jwy) = s 2t (0,0) 3L fla,y) =
f(z,y) = Ty at (0,0) 32. f(z,y) =
N
3 3
Jwy) = s 2t (0,0) 83. J(w,y) =
fla,y) = ii :L gzz at (0,0) 34. fz,y) =
fla,y) = ijy‘” at (0,0) 35 fx,y) =
F.9) = g s 4 (0.0) 36. fla,y) =
2. Discuss the continuity of the following functions:
F2.9) = (2 +2)sin — e i ) # (00) and £(0,0) =0
flz,y) = SH;# ifey #0and f(z,y)=1ifzy =0
2 2
o) = U i (0,9) £ (0,0) and £(0,0) =0
o) = S i (4,) 2 (0,0) and £(0,0) = 0
2,3
f@y) = gy 1f (5,) # (0,0) and £(0,0) =0
F) = gy pe 1 (@) # (0,0) and f(0,0) =0



