CALCULUS HANDOUT 6 - RIEMANN-DARBOUX INTEGRAL - definitions

THE RIEMANN DARBOUX INTEGRAL
A partition P of the interval [a, b] is a finite set of points {zg, 1, .., 2, } satisfying a = 2 < 21 < .. <
Zn = b. Consider a function f defined and bounded on [a, b].

Upper Darboux sum of f related to P: Uy(P ZM —x;_1) where M; = sup f(z).
z;—1<x<z;
Lower Darboux sum of f related to P: Ls(P Zml x; — x;—1) where m; = inf  f(x).

zi—1<z<T;

Consider M = sup{f(z)|a <z <b} and m = 1nf{f( ) la <z <b}.

For any partition P of [a,b] we have: m(b—a) < Ly(P) < Uy(P) < M(b—a).

Ly ={Ls(P)|P is a partition of [a,b]} and Uy = {Us(P)| P is a partition of [a,b]} are bounded sets.
So Lj =sup Ly and Uy = inf Uy exist. Moreover, Ly < Uy.

A function defined and bounded on [q,b] is Riemann-Darboux integrable on [a,b] if £; = U.

This common value is denoted by / flr)de =Ly =Uy.
a

Properties of the Riemann-Darboux integral:
If f and g are Riemann-Darboux integrable on [a b] then all the integrals below exist and

()/ab(af()wg( dxfa/f derﬂ/ 2) dz for any a, 8 € R.
2)/a f(x)dx:/a f(ac)dx—l—/c F(z) da for any a < ¢ < b.

b

b
(3) If f(z) < g(x) on [a,b] then / f(z)dx < / g(x) dz.
b b
9| [ te)ds| < [ 11

Classes of Riemann-Darboux integrable functions:
If f is continuous on [a,b], then f is Riemann-Darboux integrable on [a, b].

A function f is called piecewise continuous on [a, b] if there exists a partition P = {xg,x1,..., 2, } of [a,]]
and continuous functions f; defined on [z;_1,x;], such that f(z) = f;(z) for z € (x;-1,2;),i=1,2,...,n

b n Z;
A piecewise continuous function is Riemann-Darboux integrable and / f(z)dx = Z / fi(z)dx

The integral mean value theorem:
If f and g are continuous on [a,b] and g(x) > 0 for = € [a,b], then there exists ¢ between a and b such

that/ F(x) - glz)dz = f(c )/abg(x) da.

The fundamental theorem of calculus: "

If f is Riemann-Darboux integrable on [a,b] and F(z) = / f(t)dt, then F is continuous on [a,b].

Furthermore, if f is continuous on [a, b], then F' is differentiable on [a,b] and F' = f.

Any function ® such that ® = f is called a primitive (antiderivative) of f.
Two primitives of the same function f differ by a constant.

If F is a primitive of f, then / f(z)dz = F(b) — F(a).

Integration by parts:
If the functions f and g are continuously differentiable on [a, b], then

/ f(z) ¢ (@) de = f(z) - g(z) / f(@) - g(e) da

where / f(@)g'(z)dz and / f'(z)g(z)dx represent the set of primitives of fg’ and f’g, respectively.



b b b
Consequence: / f(x) ¢ (z)dx = f(z) g(z)| — / f(x)-g(z)dz

Change of variables:
If the function g : o, 8] — [a,b] is a continuously differentiable bijection having the property g(«) = a,
g(B) =band f: [a,b] — R! is continuous, then

(/f<a:> dx) o9 = [(Fo)t)-g @

where /f(x)dx and /(f 0g)(t)-g'(t) dt represent the set of primitives of f and (fog)- g, respectively.

9(B) B
Consequence: /( ) f(z)dx = (fog)(t)-g'(t)dt

Improper integrals:
Let f be a function bounded on [a, 00) and Riemann-Darboux integrable on [a, b] for every b > a.

b 0o
If blim / f(x) dx exists, then the improper integral of first kind / f(x) converges.
— 00 a a

Let f be a function defined on (a, b] and Riemann-Darboux integrable on [a + ¢,b], for € € (0,b — a).
b

b
If lim f(x) dx exists, then the improper integral of second kind / f(x) dx converges.

e=0% Joqe
Comparison test for improper integrals of first kind:
Let f and g be defined on [a, 00) and Riemann-Darboux integrable on [a, b] for every b > a.

Suppose that 0 < f(z) < g(z) for all x > a and / g(z) dx converges. Then / f(x) dx converges too.

CALCULUS HANDOUT 6 - RIEMANN-DARBOUX INTEGRAL - solved examples

Ex.1 Find the primitives of the following functions on their maximal domain of definition:

3 3z + 11
a) f(z) =zvz+1 D) f(fﬂ):m c) f(m)=m
Solution:a) Method I: Integration by parts method
2
ho)=z=HW(@) =1 ¢@)=Vati=g)=3@+ 1)3
2 3 2 3 2 3 2 (z+1)2t! s 4 s

= [ zvr+ ldx = gx(:c+1)2 —3 (x+1)2dz = gm(m—i—l)? -3 3 = —z(x+1)2 —E(:c—i—l)z +C
-+1
2

wlee

:%(m+1) (m—%(:c—kl))—i—C:%(x-i-l)% <x_5x—5>+0:§(x+1)% (790—5)4-0

Method II: Change of variables method
t=z+lezrz=t—1=>dt=dx

141 1 2t g2t 25 2,
:/m/m—l—ldw:/(t—l)ﬁdt:/t\/idt—/\/fdt:/t 2dt—/t2dt: T~ 1 =ct? - gt?
24+ - +1
2 2
_ (x+1)%f§(1:+1)%+0:§(:r+1)%(g(‘r+1)71)+0:§(m+1)%(f:rJrgfl)JrC

3 (3 2
(z+1)2 (gx—g)—i—C

b) We consider the following change of variables
t=vr—2let’=z-2cr=1t>+2=dr=2tdt

3 3 6t
o — 2 gp= [ 2 g = | 2
/1+\/m72 v 1+t /1+t

wWiN oo



Consider the change of variables: u=1+t< ¢t =u— 1= du = dt. Then

/l(jftdt:/(s(uu_l)du:G/du—%duz(ﬁu—ln|u|:6(1+t)—ln|1+t|:6(1—1—\/3:—2)—1n|1+\/x—2|+C

3z+11 _ 3z4+11 4 1
22-2-6 (z—-3)(z+2) -3 =x+2

/31’—1—11 d:r*/ 4 4/ / 1
2—z—6 r—3 x+2 - T+ 2

Ex.2 We compute the following integrals:

¢) We can show that (check!). Then it results that

de =4In|z —3|—Injz+2|+C

™

2 2

a) /ln xdz b) /sin5 z cos® zdzx
1 0
Solution: a) Using the integration by parts method, we obtain

2 2

2 2 2
2

/lnxdx:/1-1nxdm=/m'-lnmdw=azlnx’ —/x-ldm:21n2—1ln1—/daﬁ
1 T

1 1 1

1 1

2
=21n2—1~0—m‘ =22 - (2-1) =22 L
1

b) We have

s

7r
-5 2 -5 .2
sin® z cos® zdx sin” x cos” z coszdx = [ sin’ z(1 — sin” x) cos xdx
0 0

0

Consider the change of variables u = sinx = du = du = coszdr. Thenx =0=u =0, z = g =u=1.

1 1 1

0 0 0 0

Ex.3 We study the convergence of the following improper integrals:

0 e} 2 0o
1 1 1
a) / mdw b) /cosxdm c) mdw d) /mdl‘
—0o0 3 0 1
Solution:

0
1 . 1 . 0 :
) [ e i [ e tim 2V = i (-2/8+2v8 ) = —2v8-+o0 = +ox
o t

- =

b) /cos xdx = hm cosxdr = thm (bmx

dx is divergent

t
) = lim (sint —sin3) = lim sin¢ —sin 3
— 00 3 t— o0 t— o0

oo

As hm sint does not exist (check!), it results that / cos xdx is divergent.

— 00
3

2
1 1 ¢
de = 1i de = lim (—v2— ‘ — lim (—vV2—1+v2) =2
) [ ==t [ e = i (V) = i (V2T vE) - 2
0 0

2
We have obtained that / ———dx = /2, therefore / dx is convergent.
-
0 0

-z



1
T + et

d) We study the convergence of the integral / dx.
1

1 1
— —e
T + e* er
t

/efzdm: lim [ e ®dz = lim (7671)
1

—x

z>1=

o ot -1y 1
—hm( e " +e )_e

1 t—o0

t— o0 t—o0
1

o0
_ 1
As / e “dr = — < oo, therefore it is convergent, appplying the comparison test for improper integrals of first
e
1

—dz is convergent.
e

1
kind, we obtain that /
x
1
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1. Find the primitives of the following functions on their maximal domains of definition:

: _ I Y
1. f(z)== +12x+3 11. f(z) = \/5—&- Iz 23. f(z) = At Vit
2 fl@)=z+ 12. f(x) = zv/x + 22V/a? 2. f(z) = 1
3. f(z) =sinz + cosz 13. f(z) =1+ cos3z 1 +2$4
1 14. f(x) = e” cosh(2z) 25. f(z) = _r
4. f(z) =
T 15. J(z) = a] e
5. f(z) = —— R S 26. f(z) = +—3
(2) i 16. f(z) ey /AT 1 +ﬁz
6 fw)= 2t 2 M )=
sin‘z  cos?zx 17. f(z) = m e —I—le
7. flx) = % 18. f(z) = sin(Inz) B f@ =13 |1 — e
sm1 x-cos?x : = ]
' 1 19. f(z) =eV" B
— 4 _ 1
0= 21 f(z) = TctanT IO = 5 e
1
2. Compute the following integrals:
. ¥ ! z+1
1. /0 f(z) dx where f(z) = (FE 7. /0 f(z) dx where f(x) = P
jus 3
2. /2 f(z)dx where f(x) = In(sinz) 8. / f(z)dx where f(x) = Ve + 1+ (1 —2z)[z — 1]
0 0
= 1
3. [ f(z)dz wher —1n 1 St Lz<0
/01 f(@) dw where f(z) (cos z) 9. /71 f(x) dz where f(z) = TS 3_ Z-1 .
4. / f(x) dz where f(z) = xIn(sin 7z) x ’
0 1 —§ + e <0
1 _ mearctanz . her _ 4 =
5./0 f(x)dxwheref(x)—m 10 _1f(1’)dxw ere f(x) Vit+d—+a 20
3 1 z
6. /2 f(z)dz where f(z) = Atoitese

3. Find recurrence formulae for the following integrals:

K z i 1 1
1./ sin” x dx 2./ sin®" z dz 3./ tg"x dx 4./ z2"/1 — 22 dx 5./ 2" sin x dx
0 0 0 0 0



4. Study the convergence of the following improper integrals (a,b > 0, p,q € R):

%) %) % b
1 1 1 1
1. —d 8. —d 15. d 21. —d
/14—952 v /\/E v /\/sinx v /(b—l’)p v
0 0 0 a
2. /—dm 9./ © _dx 16. /wday 22./ d
2 1+ 22 T zPIlnzx
1 0 0 2
) 1 1 Y oo 5 <>o1
3. /—dz 10 /e do 17, /Smgxdx 23. /ﬂdx
T \/;E x xP
1 0 0 1
T . 7 1 7 1 7 zlnz
4. d — 18. 24.
/smac T 11. /mp dx /(lnm)lnm /(1+x2)p
—o0 a 2 0
1 b z 1 .
5. /de 12. /ipdx 19. /Mdm 25. /lnpfdac
T
0 0 r 0 \/E 0
h 1 7 v <)Osin29c
g2 1
6. | ——=d 13. /e dx 20. [ ——d 26. / dz
/\/1—31:2 ‘ /mp(l—i—xq) v J xP
0 —o0 0
1 oo .
1
= 14.
T /Idx /1—|—|smx|
0 0



