CALCULUS HANDOUT 2 - SERIES: definitions, properties, theorems

oo
An infinite series is an expression of the form Z ap=ai1+azx+...+a, + ...
n=1
where (a,) is a sequence of real numbers. The number a,, is called the n-th term of the series.
The n-th partial sum s,, of the series ) a,, is the sum of its first n terms: s, = ay +az + -+ + an.
If (s,) is a convergent sequence then the series > a,, is said to be convergent.

If (s,) is a divergent sequence then the series > a,, is called divergent.
o0

The sum of an infinite series is the limit of its sequence of finite sums: S = Z a, = lim s,.

1 n—oo
n=
The series Y a, is called absolutely convergent if the series Y |a,| is convergent.
! Remark: absolute convergence implies convergence (but the converse is not true!)
& Geometric series:

o0 (oo}

. n . . . . . n a

The series Z ar™ (a # 0) converges if and only if || < 1. In this case, its sum is S = Z ar” = -

n=0 n=0 -
Vanishing condition: If 3 a,, is convergent, then lim a, = 0.

n—oo

! Remark: If nh_)n;O ap, # 0 or this limit does not exist, then the infinite series > a,, is divergent.

! Remark: The converse of the vanishing condition is not true! (the harmonic series Z -~ is divergent)
n=1

Cauchy’s criterion for the convergence of a series:

The series Y a, converges if and only if for any € > 0 there exists IV such that for n > N and p > 1 the

following inequality holds: |an41 + Gni2 + -+ + anyp| < €.

Termwise addition and multiplication:

If the series > a, and Y b, converge, then the series > (a, + b,) and > ca,, (with ¢ € R) converge and

L > (an+by) =3 an+> by

2. Y can=cY an

CONVERGENCE TESTS FOR SERIES

Integral test:

Let f:RYL — RY be a decreasing function and let a,, = f(n) for each n € N. Let j, = / f(x)dx. The
1

series Y a,, converges if and only if the sequence (j,) converges.
o

& Harmonic series: The series Z p comverges if and only if p > 1.
n=1
Comparison test I:
Suppose that 0 < a,, < b, for all n € N. Then:
1. If >~ b, is convergent then )" a,, is convergent.
2. If > ay, is divergent then Y b, is divergent.
Comparison test II:
Suppose that Y a, and > b, are positive-term series such that lim In _Le (0,00).

n—oo n
Then, > a,, converges if and only if > b, converges.

Alternating series test (Leibnitz):
If (b,,) is a decreasing sequence and lim b, = 0 then the alternating series > (—1)" - b,, converges.

n—oo
Ratio test:
a
Suppose that the limit L = lim "+ | exists or is infinite. Then the series Sap
n—oo (075

1. is absolutely convergent if L < 1;
2. is divergent if L > 1.
If L = 1, the ratio test is inconclusive.



Root test:
Suppose that the limit L = lim {/|a,| exists or is infinite. Then the series Y a,

n—oo

1. is absolutely convergent if L < 1;
2. is divergent if L > 1.
If L =1, the root test is inconclusive.

CALCULUS HANDOUT 2 - SERIES: examples

x, 1
Ex. 1: We express the n-th partial sum of the infinite series and find the sum of the series: > m
—1 nn
Solution:
Wi il that ! L 1 (check!)
e can easily see that ———— = — — ——. (check!
Y k(k+1) k k+1
Then
1 1
k=1=>—=1—=
712 2
1 1 1
k=2= —=-——
2-3 2 3
1 1 1
k=3=-—=-—-
3-4 3 4
1 1 1
k=n—-1= = - —
(n—1)n n—-1 n
1 1 1
k=n=> ——=—— ——
nn+1) n n+1l
The n-th partial sum of the series is
9 1 1+1 1+1 1+ n 1 1+1 1
"7 272 33 4 7 ' n—-1 n n n+l
_ 1
N n—1
The sum of the series is
1
s= lim S, = lim (1-— = lim 1— lim =1-0=1.
Remark: Because s =1 < 0o, we have that Z . 1) is convergent.
x . < 2n?
Ex. 2: We study the convergence of the series: a) > (arcsinl)” ; b) > ———.
n=1 n=1 3712 + 1
Solution:
a) The series Y (arcsinl)” = 3 (E) is a geometric series with r = T
n=1 n=1 2 2
U 0 . &, . .
As |r| = ‘5‘ =35> 1, it follows that > (arcsinl)™is divergent.
n=1
2n? 2n? 2 2 2
b) Because lim - fm T = lim = = - # 0 it results that
n—oo 3n2 —+ 1 n—oo 1 n—00 1 3 + 0 3
n? 3+ — 3+ —
n
%) 2 2
ngl 3n2n+ 1 is divergent.
[ee] 1 (oo}
Ex. 3: We study the convergence of the series: a) Z pol b) using the integral test.
=1 n=anlnn

Solution:

1 1
a) Let f: Ry — Ry, f(z) = —. We can easily see that f is decreasing (check!) and f(n) = —. We
x n

compute



1 1
lim j, = lim <—+1>:— lim —+ lim 1=-0+1=1

n— 00 n— 00 n n—oco N n— 00

Because lim j, =1 < oo, we have that (j,) is a convergent sequence and, by applying the integral test,
n—oo

x 1
we obtain that ) — is convergent.
n=1"

1 1

b) Let f: Ry — Ry, f(z) = . We can easily see that f is decreasing (check!) and f(n) =

We compute

xlnx nlnn’
n n 1 n
= ff(x)dx = { xlnxdm = In(lnx) , = In(lnn) — In(In2)
lim j, = hm (In(Inn) —In(In2)) = lim In(ln2) — lim In(ln2) = co — In(In2) =
n—0o0 n—oo

n—oo

As lim j, = o0, is results that (j,,) is a convergent sequence and, by applying the integral test, we obtain
n—oo

that >

n=2"T

is divergent.

1 .
n=1 \/n(n+1)(n+3)’

118

o0
1
Ex. 4: We study the convergence of the series: a) b) > 5™sin e
n=1

Solution:
1 1
a) Denote a, = = ————————_  We can easily see that 0 < a, =
n(n+1)(n+3) Vnd +4n? 4+ 3n
1 1

\/n3+4n2+3n \ﬁ
MI:  As Z Z

3 x 1
— is a harmonic series with p = 3 > 1, it follows that > = is convergent
n=1 n=1"n

3
2 n=1 VN

o0
and, by applylng the comparison test I, we have that > a, is convergent.
n=1

MII:  We compute

1
. 3 2 . \4 3 . \% 3
[ = lim Y% +4n +3n:hm—n:hm i

V3
vn3 . 1 1 1

n— 0o n— 00
\/n3 . — 14+ =4+ =
n n e \/ +n+n2

n—00 1 n—00 \/n3 4+ 4n2 + 3n n—00 4 3
n3 (1 + -+ )

> 1
Asl=1€(0,00) and )

n=1 n

3
- is a convergent series (harmonic series with p = 3 > 1), by applying the

(oo}
comparison test II, it results that )  a, is also convergent.

n=1
1
b) Denote a,, = 5" sin r
. T 1 T .
MI: Because 0 <sinz <z, x € (0, 5) and 77 € (O7 5), for any n > 1, we obtain
1 " S B L 5\"
O<Sln77_77l -5 <:>0<5 Sln7§7n<:>0<an_<7> .

< /5\" 5 5
As <7> is a convergent series (geometric series with |r| = ‘?’ == < 1), by applying the comparison
n=1

oo
test I, we have that > a, is convergent.
n=1

i 1
MII: Recall that lim % = 1 and we have that n — 0. We compute

x—0



57 sin — n 1 sin7—n
l:nlgrgoT:nh—%o‘S '57-S1n77:nll_>lrolo T =1.

7" ™
0 5\" 0o
Asl=1€(0,00) and <7> is convergent, by applying the comparison test 11, is follows that > a,
n=1

n=1
is a convergent series.

(-1

18

Ex. 5: We study the convergence of the alternating series

n=1 3n
Solution:
1
Denote b,, = 3 We can easily see that b, > 0, for any n > 1 and (b,,) is a decreasing sequence, as
1
bn 3" 1
+1:3"1+1: - Loy
b L gn+1 — 3
3n 3" -3
1
Furthermore, lim b, = lim — =0.
n—00 n—oo 3"

o0
Then, by applying Leibnitz’ test for alternating series, we obtain that > (—1)" - b,, is convergent.

n=1
. > (n+3)! oS
Ex. 6: We study the convergence of the series: a) > ————=; b) > (vVn?+3n—n)"
n=1 Qn((n + 1)‘) n=1
Solution:
(n+3)!

a) Denote Qp = W

and observe that a, > 0, for any n > 1. We compute

! " 12 | n 12
= lim %t gy (e AHE 2t DY (4 3n+d)  2¥(n+ DY
n—oo  an n-voo 201 ((n 4 2)!)2 (n+3)! n—o0 20 2((n+ 1))2(n + 2)2 (n+3)
(1+2) 4
n — 142

n—o0 2 2)2 n— 00 2 1 n—00 2 1
- (n+ ) - 2n2<1—|—+2> - 2n<1++2)
n n n n

o0
As 1 =0 < 1, by applying the ratio test, it follows that > a, is convergent.

n=1

b) Denote a,, = (vVn? + 3n —n)" and observe that a,, > 0, for any n > 1. We compute

. .o . . (Vn2+3n—n)(v/n2+3n+n)

= lim a, = lim Vn2+3n—n)"= lim (Vn2+3n—n)= lim
n—oo " n— o0 \/( ) n~>oo( ) n—o0 \/n2 +3n+n

~ lim (Vn2+3n)* —n? lim n? + 3n — n?

= lim 3n

3n
lim ——
n—oo \/n2 +3n+n n—00 3
n? (1 + ) +n
n

) 3n . 3n . 3n . 3
= lim 3 = lim 73: lim = lim 73
n—roo n—oo n—roo n—r oo
vn2-4/1+—=+n nm/l+—+n n(,/1+3+1> \J1+=+1
n n n n
3 3
VIF0+1 2

3 o)
Asl = 5 > 1, by applying the root test, we have that > a,, is divergent.

n=1



CALCULUS HANDOUT 2 - SERIES: exercises

1. Express the n-th partial sum of the infinite series and find the sum of the series.

12”“r —Vng gL 5iln+l 7%% 9.%;2

VvnZ+n —n?—1 n+1)(n+2)

= on+1 >
2';::14712—1 4'2 2(n +1)2 G- nz::lnn—i—Q

2. Determine wether the following series converges or diverges.

mg

6n > 1
nt —5n2 +4 10'216712—871—3

n=1 n=1

o) (71)71 oo . 3 n oS} 2 1 oo 0o .
1. 3. -1 - 5. - — — 7. 9. tan 1
T () s xlw) X 2 ferctan)
= (=1)"n NG 142" 45 = 1 = 7\" [/3\"
2. 4. —_— 6. _— 8. — 10. — | =
TLZ::I n+1 ;ln(nJrl) nz::l 3n Z:: nn nz:: 11 5
3. Use the integral test to test the following series for convergence.
o 9 X 5l/n >
n Inn arctann 2 1
1. — 2. 4. 5. _— R
— en Z z:: n2+1 nz::l n2 712:31 n(lnn)pv pE

4. Use comparison tests to determine wether the following series converge or diverge.

> 1 > 1 =, sin’n 2, et/ > ™
1. _ . —_— . 13. 17. 3" sin —
AN T B YU P 2%
[e%s) 3 oo oo 2 e8] e n
n’+1 Vvn cos’n Inn (n+1)
2. 6. 10. 14. — 18. —
Lo S Xm0 4w 2 2
- 1 — 1 ~n+2" — 2n% — 1 - 1
3 — 7 — 11. 15. 19. t
Zn+n3/2 Zlnn Zn+3n Zn23n Zarcann2+n+1
n=1 n=1 n=1 n=1
— 10n? - 1 — 1 — 2 +sinn G 3
4. 8. _ 12. 16. —_— 20. In{l4+ —5——
5. Determine wether or not the following alternating series converge or diverge
= (=)™ = (=1)"n = (=1)"n = | = (=1)"n!
1. 3. T 5. —t 7. —1)"sin— 9. —t
2 Lvws tn e S 3
oo oo (oo} oo oo
(=1)™n (=1)"Ilnn (=" (=" cos(nm)
2. 4. — 6. 8. 10.
e & w o X v 2 2
6. Using the root test or the ratio test, determine wether the following series are convergent or divergent.
> nl > (n!)? = /Inn\" 2 a” > ., "
1-Zn7 3.2(%)! 52(7) 7.Zﬁ,aeR 9. > a <1+E),a>0
n=1 n=1 n=1 n=1 n=1
> s = (n!)?n? =, 3" =, (an)™ L fan+1\"
2 3 4 6. — 8. R 10. b>0
nz::l ; (2n)! nz::l nln 712::1 o€ 77,2::1 nt2) " -

Extra exercise

7. Determine wether the following series are absolutely convergent, simply convergent or divergent.

o (_1)n & (_1)n 10 n o (_1)n o (_1)nnn
1. ,peER 3. 5 7. 9. AL

AN = I 2 2w

(=)™ Inn = (=) = (—=1)"sinn = (=" = (n+2)!
22 1 g 6> B 10. > 5

n=1 n n=1 n\/ﬁ n=1 n n=1 ’I’L\/?L n=1 3 (Tl')Z



