CALCULUS HANDOUT 10
HIGHER ORDER DIFFERENTIABILITY. LOCAL EXTREMA - definitions

Let f: A CR™ — R™ be a partially differentiable function with respect to every variable z;, j = 1,n on A.

SECOND ORDER PARTIAL DERIVATIVES: 5
e f is two times partially differentiable at a with respect to every variable if all partial derivatives o are

ij
partially differentiable at a € A with respect to every variable x.
The partial derivative with respect to the variable x of the partial derivative ﬁ will be denoted by 0 fi (a),
ox; Oz,0x;
0 0fi d* fi . . .
e. —( a) = (a) and will be called second order partial derivative of f.
8xk al'j 8xk8xj

SECOND ORDER FRECHET DERIVATIVE:

e f is two times differentiable at the point a € A if the partial derivatives % are differentiable at a.
Lj
The second order Fréchet derivative of f at the point a is the function d2 f : R™ x R™ — R™ by the formula

n n 2
d2f( Z (ZZ 81(? (,J;;k ”Uk> e; where u,v € R", ¢; = (0,...,0,1,0,...,0), i = 1,n.

[ da+uf(v) = da f(v) = daf(u)(v)]

([l

= 0 for every v € R".

The second order Fréchet derivative of f at a satisfies lin%
u—

Mixed derivative theorem of Schwarz:

. . . . . 0 f; 0 f; . .
If the function f is twice differentiable at a, then /: a) = i (a) for any i = 1,m and j, k = 1, n.
a.l‘j 81‘k 6l‘ka$]
Criterion for second order differentiability:
2p
If the second order partial derivatives 88 (,];Z exist in a neighborhood of a and they are continuous at a, then f
TjO0Tk

is two times differentiable at a.

HIGHER ORDER PARTIAL DERIVATIVES:
e [ is k-times partially differentiable at a € A with respect to every variable if f is (k — 1)-times partially
differentiable with respect to every variable on an open neighborhood of a and every (k — 1)-th order partial

akflfi

derivative ————————— is partially differentiable with respect to every variable z;, at a.
Oxjy_, -+~ Oxjy
kg k—1 ¢
The k-th order partial derivative of f at a is oS (a) = 9 ( o fi )(a).
0xj,, 0y, -+ - 05, Oxjy, " Oxjy,_, -+ Oxjy

HIGHER ORDER DIFFERENTIABILITY:

e f is k-times differentiable at a if the partial derivatives of order k — 1

6k71fi

T are differentiable at a.
Ljp_1 " Ojy

The Fréchet derivative of order k of f at a is the function d°f : R™ x --- x R® — R™ given by

) @ =3 (323 Zax] Ty (@) iy, | e

i=1 \Jj1=1j2=1 Jr=1
The Fréchet derivative of order k of f at a satisfies:

. dy o F@)(@?) - (@) = dg T f(u) (u?) - (W) = da f(u!) (W?) - (b))

l[uk | —0 [kl

Mixed derivative theorem:
If the function is k-times differentiable at a, then the following relations hold:

O fi _ " fi

Dy Oxjy - 0xjy " OTo(j)0%0(s) -+ OTo(jy)

(a)

Criterion for k-times differentiability:
If the partial derivatives of k-th order exist in a neighborhood of a and they are continuous at a, then f is k-times
differentiable at a.



FINDING LOCAL EXTREMA

The point a € A is a local minimum point of the function f : A C R™ — R! if there exists a neighborhood
V C A of a such that f(a) < f(z) for any x € V.

The point a € A is a global minimum point of the function f: A C R® — R' if f(a) < f(x) for any z € A.
The point a € A is a local maximum point of the function f : A C R™ — R' if there exists a neighborhood
V C A of a such that f(a) > f(z) for any x € V.

The point a € A is a global maximum point of the function f: A C R™ — R' if f(a) > f(x) for any € A.

Necessary condition for local extrema:
If the function f : A C R® — R! attains a local minimum or maximum value at the point @ € A and all partial
derivatives of f exist at a, then Vf(a) =0 (i.e. a is a critical point of f).

Sufficient condition for local extrema:

Assume that f: A C R™ — R' has continuous second order partial derivatives on A and a is a critical point of f.
>’f
Ox;0x;
0 f
axlal'j

Second partial derivative test for functions of two variables:
Consider the function f: A C R?2 3 Rand a = (a1,a2) € A a critical point of f. Consider the Hessian matrix:

i) If d2f(h)(h) >0 for h € R™ and det ( (a)) # 0, then f has a local minimum at a;

ii) If d2 f(h)(h) < 0 for h € R™ and det ( (a)> # 0, then f has a local maximum at a.

o f 0% f
" B Ei;?(al’GQ) gﬁ;}igg(alyaz)
(al,az)f - 82f

(a1,a2)

Brs0m; W2 Gz

Consider the principal minors of the Hessian matrix:

o*f

Ay = pr

(al, ag) and Ao = det (H(al,az)f)

e if Ay >0 and Ay > 0 then a = (a1, a2) is a local minimum point of f;
e if Ay <0 and Az > 0 then a = (a1,a2) is a local maximum point of f;
e if Ay < 0 then a = (a1, a2) is a saddle point of f;

e if Ay = 0 then this test is inconclusive.

LAGRANGE MULTIPLIERS AND CONSTRAINED OPTIMIZATION
Consider a function f: A C R™ — R!, where A is an open set and the set T' C A, defined by:

F={ze€A|gi(x)=0, i=1,p} where g; : A = R' and p < n

If the restriction f|r has an extreme point a € I', then this is called conditional extreme point.

Assume that f and g;, i = 1,p are continuously differentiable near the conditional extreme point a € T' and
Vgi(a), i = 1, p are linearly independent vectors of R™. Then there exist some constants A1, Az, ..., Ap such that

p
=Y AiVgi(a)
i=1

Example: Two variables and one constraint:
If we want to maximize (minimize) the function f : A C R? — R! subject to the constraint g(x,y) = 0, we first
need to solve the system of three equations

g(w,y) =0

of
(ay) =
o 39
a(

y) = z,y)

with respect to the variables z,y, A. The points (x,y) that we find are the only possible locations of the extrema
of f subject to the constraint g(z,y) = 0.



CALCULUS HANDOUT 10
HIGHER ORDER DIFFERENTIABILITY. LOCAL EXTREMA - examples

Ex.1 Compute the first and second order Fréchet derivatives for the function f : R? — R, f(z,y) =
e™ +22%y% +y — 3zy at a = (0,2).

Solution: Compute the first order partial derivatives of the function f.

)

87;;[:(ezy+2wgy2+y—3wy);:e”y-(wy);+2y2~(wS);+(y);—3y~(w);:ye”’+6x2y2—3y

%:(e’“y+2x3y2+y—3xy);:e‘“’~(xy);+2x3~(y2);+(y);—31:~(y);:oce‘”y—|—4:c3y+1—3x
gf(o 2)=2-e"24+6-0>-22-3.2=—4and gf(o 2)=0-e"24+4.0°-24+1-3.0=1

The first order Fréchet derivative of the function f at the point a = (0, 2) is
do,2)f(h1,h2) =V [(0,2) - h = (=4,1) - (h1, h2) = —4h1 + ho

Compute the second order partial derivatives of the function f.

87}20 ~ o <a£> = (ye™ +62”y® — 3y); = ye™ - (xy)y + 6y° - (2°); — () = y*e™? + 122y

0? 0
8y5f$ _ 8y <af) = (ye$y+61;2y2_3y); = (y);-e”y+y~e“~(xy);+6x2-( ) —-3. ( ) _exy+xyexy+12m y— 3

>’f of
8x8y 81: dy

) = (ze™ +423y+1-3z), = (z),- eV +z-e™ - (zy),+dy- (22)h—3-(y)h = €™ +aye™ +122%y—3

82f af Ty 3 / Ty ’ 3 / ’ 2 xy 3
9 8y By = (ze®¥ + 42’y + 1 — 3x), = ze®¥ - (xy), +42° - (y)y — (3x), = ™ + 4z
92 2 2
o°f _ . 97 _o0F & |
= 52 5(0,2) =4, 920y (0,2) = ayax and 9 (0,2) = 0 (check!)

The second order Fréchet derivative of the function f at the point a = (0, 2) is:

0? 0? 0? 0?
d?@ﬁz)f('l,bl,’ua)(vl,vg) = O J;(O 2)’LL1U1 + py g (O,2)’LL1’U2 —+ 8yafoQ’Ul + a '];(0,2)’(,62112
= 4uv1 — 2u1v2 — 2usv1 + 0 - usvo

= 4uivr — 2(u1v2 + u2v1)

Ex.2 Find and classify the critical points of the function f : R? = R, f(z,y) = 3z%y + ¢ — 32 — 3y® + 2.

Solution: Compute the first order partial derivatives of the function f.

gf (3zy +y° =32 = 3y* +2)'w = 3y - (2*); + (¥°)z — 3 (2*); — (3y") + 2, = 6ay — 6z
% = (32%y +y® — 32° — 3y* +2), = 32° - (v)}, + (v*), — (32%)}, — 3 (v*), + 2, = 32> + 3y — 6y
Find the critical points of the function f. Solve the system:
2z =0 6xy — 6 =0
g}? & xg2/ x2 6ry —6r=0<6z(y—1)=0<x=00ry=1
) 3+ 3y —6y =0

z=0=3 2 -6y=03y(y—2)=0y=0o0ry=2
y=1=32"+3-6=0<3’=3c2"=1cz=1lorz=—1
The critical points are (0,0), (0,2), (1,1) si (—1,1).

Compute the Hessian matrix at each critical point.

>f f
Hf— 022 0xdy | _ (26:vy 7269c); (269cy *26213); _(6y—6 6z

o°f ’f (3z* 4+ 3y* — 6y), (32”4 3y* — 6y)y, 6z 6y — 6

oyoxr  Oy?
Hpof = (_06 36) A; =—6 <0, Ay =det(Hg,0)f) =36 > 0= (0,0)-local maximum point
Hpo f = (g 2) A1 =6>0, As = Hgo) f =36>0= (0,2)-local minimum point
Huqnyf= (g g) Ay =0, Ay =det(H 1) f) = =36 < 0= (1,1)-saddle point



Heinf= (—06 706> A; =0, Ay =det(H(_1,1)f) = =36 < 0= (-1, 1)-saddle point

Ex.3 Find the maximum and minimum values of the function f : R?* — R, f(x,y) = 42> + 10y? subject to the
constraint 22 + y? = 4.

Solution: Let g : R? = R, g(x,y) = 2® 4+ y*> — 4. Solve the system:

%(;:, y)=0 5
g

5oV g D)= v 102, =80 Dlay) =@ 4y 1), =2

) —\%9 0 0

gy (") = A5y, (29) ey = et 10, =20y Sley) = (@ +9P =4 =2
The system becomes

22+ y2 —4

8xr = 2\x

20y = 2y

From the second equation, we have: 8z —2 Az =0<2z(4—X\)=0=z=0o0r A =4

If = 0, by substituting in the first equation of the system, we obtain

y? =4 y=242= (0,2) and (0, —2) are critical points.

If A\ = 4, by plugging in the third equation of the system, we have
0y=8y12y=0y=0

Then, replacing y = 0 into the first equation of the system, it results that

2’ =4 &z =42= (2,0) and (—2,0) are critical points.

Compute the values of the funtion f at the critical points previously found.

£(0,2) = £(0,—2) = 40 and £(2,0) = f(—2,0) = 16.

Thus, fmin = 16 at the points (2,0) and (—2,0) and fimez = 40 at the points (0,2) and (0, —2).



CALCULUS HANDOUT 10
HIGHER ORDER DIFFERENTIABILITY. LOCAL EXTREMA - exercises

1. Compute the first and second order Fréchet derivatives for the following functions:

1. f(w y) = x> + 8y — 6y — 1 5. f(z,y) = = v’
F(@, 9% >fe“+by+” 6. f(,y,7) = 2y
flz,y) =In(z +y) 7. f(z1,22,...,zp) = In(x1 + a1)(x2 + a2)...(zp + ap)
f(z,y) = sin(z + 3y) 8. f(z,y,2) = cosxyz
2. Find and classify the critical points of the following functions of two variables:
1. f(z,y) =22% +¢*> +4z — 4y +5 18. f(x,y) =2® —2y° +ay — 20—y +5
2. f(z,y) = 10 + 12z — 12y — 3% — 2y* 19. f(x,y) = 12x+25y — 222 — 6y°
3. flz,y) =222 —3y* + 20— 3y +7 20. f(z,y) = 2 +2¢y* — 272 — 8y
4. f(z,y) =zy+3z—2y+4 21. f(z,y) =2(z —y)> —2* —y*
5. f(z,y) =222+ 2zy +y® + 4o — 2y + 1 22. f(z,y) =2 +y’  —wy+z+y
6. f(z,y) = 2* + 4wy +2y> + 4o — 8y + 3 23. f(z,y) = x> + 6zy + 3y> — 9z
7. flx,y) =2+ 9> +3zy +3 24. f(z,y) = day — 22t — o>
8. flz,y) =2 —2zy+9°—y 25. f(z,y) = (accosy ysiny) e®
9. f(z,y) =2 +8y> — 6y — 1 26. f(z,y) = In(2® +y°)
10. f(z,y) = 2* — y* — 227 4+ 2¢° 27. f(z,y) —e2(x+y2)
11. f(z,y) = 2 +8y> — 6xy + 1 28. f(z,y) = 2® + 2y*> + wcosx cosy
12. f(z,y) = 2® + 3zy® — 152 — 12y 29. f(z,y) = €® Pry? g2 — 22
13. f(z,y) =2y — 22 — 2y —a” —y° 30. fz,y)=(1-2)1—y)(z+y—1)
14. f(z,y) =2 +y* + 22y 31. f(z,y,2) = o +y62 + x2% + 122y + 22
15. f(z,y) =2 —a" + 22" —y? 32. f(z,y,2) = 2% —y? — 22 — 12z + 12y + 142
16. f(xz,y) = 2* — 3z + 3ay® 33. f(z,y,2) = x® 4+ 3y* + 22 — 2zy + 22
17. fz,y) = 2° +y° — 32° — 3y* — 9 34. f(z,y,2) =2 +y* + 22 —ay+x—22
3. Find the maximum and minimum values (if any) of the following functions subject to the following constraint:
1 flzy)=2z+y; 2> +9y° =1 9. flz,y)=2>+2y% 2 +9y* =1
2. flz,y) =x+y; x> +4y2 =1 10. f(z,y) =222 +3y> —dz —5; 22 +y> = 16
3. flxz,y) =2 —y* 2> +y* =4 11. f(z,y,2) =2 4+y“+2°3z+2y+2=06
4. f(z,y) =2 +y* 22+ 3y =6 12. f(z,y, )73:C—|—2y+2':(:2—|—y +z2=1
5. f(z,y) = zy; 422 +9y =36 13. f(z,y, )—a:—l—y—!—z 2% 4 4y 4+ 92% = 36
6. fz,y) =422+ 9% 22 +4° =1 14. f(z,y,2) = zyz; =° —|—y +22=1
7. f(x,y)f3:r+y,m +y*=10 15. f(x,y,2) = xy + 22; 2° + y*> + 2% = 36
8. flz,y) =2+ 9> +4do —4dy; 2> +9y> =9 16. f(z,y,2) = 22y?2%; o2 + 4y* + 92° = 27

Extra exercises
4. Find the points of the parabola y = (x — 1)2 that are closest to the origin.

5. Find the points of the ellipse 42> + 9y* = 36 that are closest to and farthest from the point (3,2).
Yy

6. Consider a right triangle of hypothenuse z and legs = and y, and fixed perimeter P. Maximize its area A = 5

subject to the constraints « + y + z = P and z? + y® = 22. In particular, show that the optimal such triangle is
isosceles (z = y).



